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Section 1: 10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1 Given(x —2) is a factor of x* —8x +21x— A4, which of the following is
the value of 4?7

(A)  A=-82
B) A=-2
©) A=2
(D) A=18

2 Which of the following is the derivative of tan™ (3x)?
(A) 3tan"'x

3
B
®) 1+ x?
3
C
© 1+9x°

(D)  3sec’3x

3 PORS is a trapezium where PS = ; , SR=5 and ?Q: 2SR .

P Q

Which of the following is equivalent to @ ?

(A)  2s+p
(B) 2s-p
©  p-2s
(D) —p-2s



8
Which of the following is the coefficient of x* in the expansion [x +2] ?

X

(A) 28

(B) 56

(©) 84

(D) 252

y
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The graph above shows y = .
/(%)

Which of the equations below best represents f(x)?

(A) f(x) =x" -1
(B) f(x)=x(x2—l)
©) f(x):x2 (x2 —1)

(D) f(x) =x’ (x2 —1)2



6  The slope field for a first order differential equation is shown below.

N .
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Which of the following could be the differential equation represented?

dy «x

(A) @ _x
dx 'y
dy —x

B XX
dx y
dy

C 2

©) e
dy

D) Z=-

(D) Y

Four female and four male students are to be seated around a circular table.

In how many ways can this be done if the males and females must alternate?

(A)  41x4!
(B)  3!x4!
(C)  3Ix3!
(D)  2x3Ix3!



8 Which of the graphs below shows y =2cos™ (%— lj ?
(A) (B)
2 24
©) (D)
y y

5 /2 A x A 05 /5 1 15 2 X
o I

Which of the following expressions represents the area of the region bounded by the curve

y = sin3x and the x-axis from x = —1 to x = 21? Use the substitution u = cosx.
A - [ -uddu
B) -3 foﬂ(l —u?)du
© - [ -u)du

O 3[,(1-uddu



10

Emma made an error proving that 2" + (—1)™*1 is divisible by 3 for all integers n = 1 using

mathematical induction. The proof is shown below.

Step 1: To prove 2™ + (—1)"™*1 is divisible by 3 (n is an integer)

To prove true for n =1

21+ (-D*=2+1
=3x1 Line 1

Result is true for n =1

Step 2: Assume true for n =k

ie. 2% + (—=1)**1 = 3m (m is an integer)  Line 2

Step 3: To prove true forn =k + 1
2k+1 4 (_1)k+1+1 — 2(2") + (_1)k+2
= 2[3m + (—1)**1] + (—1)k+2
=2X3m+2 X (=12 4+ (—1)k+2

= 3[2m + (=1)k+2]

Which is a multiple of 3 since m and k& are integers.

Step 4: True by induction

In which line did Emma make an error?

(A) Linel
(B) Line2
(C) Line3
(D) Line 4

Line 3

Line 4



Section II: 60 marks
Attempt Questions 11 — 14
Allow about 1 hour and 45 minutes for this section

Answer each question in a separate writing booklet.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks)  Start a new writing booklet

(a) Consider the function f(x)=x>—4x+6.

(i)  Explain why the domain of f(x) must be restricted if f(x) is to have

an inverse function.

(i)  Given that the domain of f(x) is restricted to x <2, find an expression

for £7'(x).

(iii) Given the restriction in part (ii), sketch y= f~'(x).

(iv) The curve y = f(x) with its restricted domain and the curve y = f'(x)

intersect at point P.

Find the coordinates of P.

4
1
(b) Use the substitution u =1+ 2tan x to evaluate I 2 5 dx
o (1+2tanx) cos® x

(Q11 continues on the next page)
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(Q11 continued)

(c) Solve the equation cosx—sinx =1, where 0 <x<2r.

(d) The column (position) vector notation of 4 vectors is shown below.
8 A (3 p_ (1) <«_(-5
P=(Zg) e=(5) R=(5) s=(3

Find the column (position) vector notation of:

i) PO
(i) RS
(i) —PO-RS

End of Question 11. Start a New Booklet.



Question 12 (15 marks) Start a new writing booklet

(a) A particle is moving in a straight line such that its displacement (x metres) from a

fixed point O after ¢ seconds is given by x= cos2f+ V3sin2z.
(1) What is the maximum distance of the particle from O? 2
(1) When is the particle first at the origin? 1

(b) A heated metal ball is dropped into a liquid. As the ball cools, its temperature, 7" °C, ¢ minutes

after it enters the liquid, is given by:

T = 400e™905 4 25, t=0
(1) Find the temperature of the ball as it enters the liquid. 1
(i) Find the value of # if 7= 300. Answer correct to 3 significant figures. 1

(i11) Find the rate at which the temperature of the ball is decreasing at the instant

when ¢ = 50. Give your answer in °C per minute to 3 significant figures. 2

(iv) Using the equation for temperature 7 in terms of ¢, given above, to explain

why the temperature of the ball can never fall to 20°C. 1

(¢) Find Tde . 2
0 \/16—X2

. o X X

(d) (1) Use the substitution ¢ = tanE to show that cosecx+cotx = COtE . 2
2

(i) Hence evaluate I(COS ecx +cotx)dx . Answer in simplest exact form. 3
VA
3

End of Question 12. Start a New Booklet.



Question 13 (15 marks) Start a new writing booklet

X
(a) The diagram below is the sketch of the graph of the function f(x) = —?.
X

YA

(i) Sketch the graph of y =(f(x))’, showing all asymptotes and intercepts.

(ii) Solve the equation (f(x))* = f(x).

(b) ABCD is a rhombus with AB=a and AD=d.

_»C
D - z//'r’f
e — f’j -"‘r
;’\ o
/ e s
.l'f o -"I
! ~ f';
K'J' zf"' -rJ'
/ B
Lo _,_,-'—""-F'-FFF
-
A y

Use vector methods to prove that the diagonals of the rhombus are perpendicular

to each other.

(Q13 continues on the next page)
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(Q13 continued)

(c) The diagram shows the graph of y =

> andthegraphofy=l—£ for 0<x<1.
x +1 2

0.5 1

(0] >

(1) Find the exact volume of the solid of revolution formed when the region

bounded by the graph of y =

. . 1.
—, the y-axis and the line y = —is rotated
x +1 2

about the y-axis. 2

(i1) Find the exact volume of the solid of revolution formed when the region
bounded by the graph of y = 1—% , the y-axis and the line y = % is rotated

about the y-axis. 2

(i11) Use the results from parts (c)(i) and (c)(ii) to show that % <In2. 1

(d) A multiple-choice test contains ten questions. Each question has four choices for the correct

answer. Only one of the choices is correct.

(1) What is the probability of getting 70% correct with random guessing? 1
(i1) What is the probability of getting at most 70% correct with random guessing? 2

(e) A binomial random variable X has a mean of 15 and a variance of 10.

What are the parameters n and p? 2

End of Question 13. Start a New Booklet.
1



Question 14 (15 marks) Start a new writing booklet

(a) Prove by mathematical induction that, for all integers n>1,
2 2 2 2 =3___2n+3 .
Ix3 2x4 3x5 nn+2) 2 (n+1)(n+2) 3

(b) A bag contains n red marbles and one blue marble. Three marbles are drawn
5
(without replacement). The probability that the three marbles are red is 3

Find the value of n. 2

(c) A golfer hits a golf ball from a point 0 with speed ¥ ms™! at an angle 8° above the

horizontal, where 0 < 8 < % The ball just passes over a 2.25 m high tree after 1.5 seconds.

The tree is 60 metres away from the point from which the ball was hit. Assume g =10 ms™.

y

L\

V t =1.5sec

01)

. 0 225m
60 m >

Not to scale

(1)  What is the angle of projection of the golf ball to the nearest minute?

Assume the horizontal and vertical displacements of the golf ball are given

by the vector r(t) = (Vtcos@)i+(=5t" +Vtsin0); . 3

(ii) What is the initial speed (¥ ms™) of the golf ball, correct to the

nearest whole number? 1

(Q14 continues on the next page)
12



(Q14 continued)

(d) The population, P, of animals in an environment in which there are scarce
. . dP o
resources is increasing such that = P(100— P), where ¢ is time.
t

When t=0,P=10.

1 (1 1 1
(1)  Show that —+ = .
100\ P 100-P) P(100-P)

(11)) Find an expression for P in terms of .

(e) The table shows selected values of a one-to-one differentiable function g(x)and its

derivative g (x).

X -1 0

g(x) -5 -1

g'(x) 3 3

Let f(x) be a function such that f(x) =g (x).
Find the value of f'(—1).

End of Question 14.

End of Examination.
13



Year 12 Mathematics Extension 1

NGS Trial Examination 2020
Year 12 Mathematics Extension 1
Worked solutions and marking guidelines

Section 1

10 marks

Question 1 (1 mark)

Solution Answer Mark
(x - 2) is a factor of

X —8x*+2Ilx—4

S8-32+42-A4=0

A=18

Question 2 (1 mark)

Solution Answer Mark

If y = tan™ (3x)

dy _ ;2 <3 C 1
dx 1+ (3x)
3
1+9x2
Question 3 (1 mark)
Solution Answer Mark

0S=PS-PQ

=p-2s

Question 4 (1 mark)
Solution Answer Mark

3 k
na='6. (2]

X

— 8Ckx8—k (3k x—k)

_ SCk (3)k 52
' = 8-2k=4
k=2
the termis *C, x (3)’ =252
Question 5 (1 mark)
Solution Answer Mark
By inspection and properties

1 B 1
f(x)

Question 6 (1 mark)
Solution Answer Mark
By considering slopes at
different points of cartesian B 1

plane and testing with each
differential equation

of y=




Question 7 (1 mark)

Year 12 Mathematics Extension 1

Solution Answer Mark
Seat femalesin (4 —1)! ways.
. 1
Then seat malesin 4!ways
~.number of ways =3!x4!
Question 8 (1 mark)
Solution Answer Mark
S x
Fory=2cos™'| =—1
2
Range0< y<2r 1
.. b
Domainis D :—1<—-1<1
2
0<x<4
Question 9 (1 mark)
Solution Answer Mark
y
1 4+
y= sin’x
D 1
1:[ 2‘1'[
-1+
There are 3 equivalent areas from x = —mto x = 21
U = Cosx
du
dx = —SInx
du = —sinxdx
x=0u=1landx =mu=-1
™
A=3 XJ- sin®xdx
o
= —3'[(]—0032 x) % —sin xdx
0
1
= 73I(17u2)du
1
1
=3[ (=)
-1
Question 10 (1 mark)
Solution Answer Mark
Step 3: To prove true forn=k+ 1
2k+1 4 (_1)k+1+1 — Z(Zk) + (_1)k+2
=2[3m — (=1)*¥*1] + (=1)¥*?  Error Line 4
=2x3m—2x (—1)k+1 — (—1)k*? D 1
=3[2m — (—1)**1]
Which is a multiple of 3 since m and k are integers.
Step 4: True by induction




Q11 (15 mark)

Year 12 Mathematics Extension 1

Solution

Mark (Guide only)

(a)

1 fixr)= X —4x+6isa parabola. Excluding the turning
point at (2, 2), for each value of f(x) in the range there
are two x-values. Geometrically, this corresponds
to a horizontal line intersecting the graph twice.

If x and y are swapped, each x-value in the domain will
have two y-values. Hence the inverse will not
be a function.

1 Mark: Explains using the horizontal line
test or equivalent merit.

(i1)

Use the completing the square method to express f(x)
in turning point form:

f(.x):.x2—4.r+6
=(x-2)2+2  (x<2)

Swap x and y, then make y the subject.

y-2=-4x-2 (4x-2 isdiscarded as y<2)

_v=—,\/.\'—f2+2

2 Marks: Correct Answer
1 Mark: Swaps x and y OR equivalent
merit.

intersection with the line y = x.
For example, attempting to solve f(x)=x forx:

2
X —4x+6=x

2
X =5x+6=0

x=2.3

When x=2, y=2 and so (2, 2) lies on the line y=x.

When x=3, y=1 andso (3, 1) does not lie on the line
y=1x.

Therefore the coordinates of P are (2, 2).

la)y=-dx-2+2 (x22)
(ii1) 2 Marks: Correct shape and start at (2,2)
—4 1 Mark: Correct shape OR starting point.
N
L Q.
0 4 € \10
(iv)  The curves y=f(x) and y= f_l(.r) have a common 1 Mark: Correct solution




Year 12 Mathematics Extension 1

(b) Let u=1+2tanx.

5
du _ ., 2 _COs X

— =2sec x= = dx du
dx

“

Ccos X
When x=0, u=1 and when x = %* =3,
T

1 1 1
I —————dx :I —du
0(1+ 2tanx) cos x

3 Marks: Correct solution

2 Marks: Finds expression for integral in
terms of u, or equivalent merit.

1 Mark: Derives u=1+2tanx correctly

) e o1 o 2 1
(c)  Substituting cosx= =, sinx= ~ where = tansx
1+ 1+ -

into cosx —sinx=1 and expressing
2
1+t

2

1+t

1= gives:

2 2
1t 2t _1+t

2 3

1+ 1+ 1+1
3 3

172111 _

~ 0
1+

3
“2(t"+ 1)
———=0

1+1

\
+1t=0
Hr+1)=0

t=-1,0

0

1
l‘m_’x——l

2

1 1
lfmﬁx:ﬂ :}E,r:ﬂ, T

I 1
l‘mzx——

tan is negative in the second quadrant and the related angle

3 Marks: Correct solution
2 Marks: Determines that tan(l x)=-1,0
2

1 Mark: Attempts to form a quadratic
equation in ¢ with some correct working
OR equivalent merit.




Year 12 Mathematics Extension 1

(d) @
1 Mark: Correct
8T answer.
S
+ R
4_-
2 -
-8 -6 -4 ~ o 2
_2 +4
_4 -+
_6 -+
P -8
—— (11
PQ = (14)
(i)
— —6 1 Mark: Correct
RS = ( 2 ) answer.
(111) 1 Mark: Correct

answer.




Year 12 Mathematics Extension 1

Q12 (15 mark)

(a) (i) Using auxiliary angle:
X = COos 2f+\/§sin 2?-2005[%%}

s maximum distance from O =2 metres

2 marks: Correct Answer

1 Mark: Some attempt at Auxiliary Angle
with some correct working OR equivalent
merit

(ii) 1 Mark: Correct
( ) answer.
2cos| 2f — =
T T
2t ——=—
3 2
_ Q7T
(b) (i) 1 Mark: Correct

Ball enters the liquid when t =0
T = 400e~005¢ + 25
= 400e ~0'05%0 4 25 =425°C

answer.

(ii) 1 Mark: Correct
300 = 400e7905t 4 25 answer.
—0-05¢ _ 2_75
400
0.05¢ = 1 (11)
) =In Te
t = 7.4938...~ 7.49 min (3 sig. fig.)
(1i1)
T = 400e 205t 4 25 2 Marks: Correct
answer.
ﬂ — _ZOB—O-OSC
dt 1.5 marks: Only giving -1.64/min

— _209—0-05X50

= —1.6416...~ —1.64°C/min

..Rate of decrease is 1.64°C per minute.

1 Mark:
Differentiates
correctly to find
the rate of change.

(iv)
When t approaches infinity then e
~.T> 25 and can never fall to 20°C.

—0-05¢t

-0

1 Mark: Correct
answer.

(Must use the equation to show
correctly)

(c)




Year 12 Mathematics Extension 1

T4 X\ ™ 2 Marks: Correct
_ -1 (" .
J. \/ﬁdx—ll[sm (4)]
0o V16 —x 0 answer.
=4 [sin‘1 (g) - sin‘l(O)]
L 1 Mark: Finds the
=4 [ﬁ - 0] correct
4 . integration.
= 5=
(d) (@)
LHS = cosecx + cotx 2 Marks: Correct
1+¢t2 1-—1t2 answer.
= +
2t 2t
IR A 1 Mark: Writes
2t cosecx and cotx in
_1 terms of t.
t
= CO 2
= RHS
(i1)
Jf(cosecx + cotx)dx = f: cotgdx 3 Marks: Correct
3 3 answer.
gO.Scos%d
=] 2f x
T sing 2 Marks: Makes
g significant
=2 []n (sm E)]E progress
T .
.m L
=2 [ln (sz) —In (smg)] OR USEIS Iogs
1 1 correct
L 1 Mark: Finds the
—2In(272+21 el .
n( ‘ ) primitive function.
= 21n2%
= 1n2




Year 12 Mathematics Extension 1

Q13 (15 mark)
(a) (1) 2 Marks: Sketches correct graph with
v asymptotes at x=-1 and y=1
A 1 Mark: Shows min turning point at origin
| OR equivalent merit.
[
|
|
e y=1
! /—\._
. O "X
[
[
|
[
|
|
x=-1
(i1) 1 Mark: Correct solution

(f0) = fx) = fO ) - 1) =0
So flx)=1 or f(x)=0.

X

=l=>x=-
X+ 1

1

2

Hence x = 1 or x=0.
2

OR
The graphs of y=f(x) and y= (f(.r))z intersect at O,
where x = 0.

The graphs of y=f(x) and y= (]"(Jc))2 intersect on the

. |
line y=1, where x=—=.
mey , where x 3

(b)
F:a+d,ﬁ:a—d
ACeDB =(a+d)e(a-d)
=aea—ded
=[al" ~[af
=0 (sides of rhombus have equal length)

2 marks: Correct Answer.
1 mark: Writes AC = a + d

But ACeDB =|a|x |d|c056’ (where @ is the angle between the vectors)
s.cos@=0
6 =90
i.e. diagonals are perpendicular
(c)

2 marks: Correct Answer.
1 mark: Gives correct integral for
volume of revolution
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. . | 2.
(i) Rearranging y= — to express X~ in terms

X+ 1

- 21
of ygives x" =-—1.
v

V=7rJiG— ljdy

.. . X . . .
(if) Rearranging v=1— 3 to express x in terms of v gives

x=2(1-v).

1 )
V=, (4 -y dy

Alternatively:

The solid formed is a cone of radius 1 and height l

- . 1 2, .
Substituting these values into V= gm‘ h gives:

oy Wi—

2 marks: Correct Answer.
1 mark: Gives correct integral for
volume of revolution

(iti)  From the diagram, it can be reasoned that

zr(ln2—l) >£.
2

1 Mark: Correct
answer.

6
I 1 2
Soln2-=->-=1In2>=.
2 6 3
(d) (1)
Let p be the probability of getting the correct answer.
1
p= Z,n =10
1 X 10—x
P(X =x) =%, (Z
1 7 3 10—-7
rar=n e, ()
a=7="0(;) (5
405
131072

1 Mark: Correct
answer.
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(ii) 2 Marks: Correct
answer.
P(X <T)=1-(P(@8)+P(9)+ P(10)) 1 Mark: Uses the
. 3 10-8 o 10-9 . 1 10 3 10-10 C()mplemel'ltal"y
el a6 e Gl (]| eventorshows
=0.99958... some
understanding.
(e)

EX)=np=150)

Var(X) = np(1-p) =10 (2)
Substituting equation @ into @
15x(1—-p)=10

1 10 2 1
P13 T
Substituting p = 3 into equation @
1
X =-=15
"3

n =45

1
~.Parametersaren=45and p = 3

2 Marks: Correct
answer.

1 Mark: Finds one
of the parameters
or shows some
understanding.

10
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Q14 (15 mark)
(a) 3 Marks: Correct proof
Consider n=1. 2 Marks: Establishes the induictive step
) OR equivalent merit.
LHS = == and . . _
%3 3 1 Mark: Establishes the n=1 case or
equivalent merit.
RHS=o5__2H+3 _4_2_|hg
2 (1+)(1+2) 6 3
The statement is true when n=1.
Suppose true for n = k.
So 2 2 2 2 3 2k+3
0 + + S+ ==Z_ .
1x3 2x4 3x5 k(k+2) 2 (k+1)(k+2)
Show it is true for n = k + 1; that is,
2 2 2 L2 2 _
Ix3 2x4 3x5 k(k+2) (k+ 1)(k+3)
3 2(k+1)+3
2 (k+ D)+ D((k+1)+2)
LHS = 2 + 2 + 2 2 + 2
1x3 2x4 3x5 k(k+2) (k+ 1)(k+3)
_3  2k+3 2
2 (k+D)(k+2) (k+1D)(k+3)

3 Qk+3)k+3)=-2(k+2)

2 (k+ 1)(k+2)(k+3)

3 2+ Th+5

T2 (k+ D)(k+2)(k+3)
_3  (Qk+5)k+1)

2 (k+ 1) (k+2)k+3)

_3 2k+5
2 (k+2)(k+3)
3 2(k+1)+3

2 (k+DH+DH(k+1)+2)

=RHS

If true for n =k, then true forn=Fk + 1.

Hence, by mathematical induction, true for n > 1.

(b)

Prob (3 red marbles drawn ) =

n n-1 n-2 5
X X =—

n+l n n-1 8

n—2_§

n+l 8

n=7

n
3
n+l
3

U

HC 5

3 —_—

n+l CS = 8

[n(n—l)(n—Z)J

3x2x1
(n+1)(n)(n-1)

3x2x1
n-2 2

5
8

n+l 8
8n—-16=5n+5

n=7

2 marks: Correct Answer
1 mark: Writes correct answer for
probability

11
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(c) ()
After 1.5 seconds x= 60 and y = 2.25
60 = 1.5Vcosd
Vcost = 40 (1)

2.25 = =5 x 1.5% + 1.5Vsin#
13.5 = 1.5Vsiné

Vsing = 9 (2)
Dividing the two equations
Vsing 9
Vcosf 490
tanf = —
an 20

9
6 = tan~!— = 12°41’
a0

»

~.Golf ball has an angle of projection of 12°41".

3 marks: Correct
answer.

2 marks: Makes
significant
progress.

1 mark: Sets up
the two equations
or shows some
understanding.

(i)
Using equations (1) and (2)
(Vsin®)? + (Vcos0)? = 92 + 402

V2(sin%0 + cos?0) = 92 + 402

V =492 + 40?2
V=41ms!
~.Speed of the gold ball is 41 ms-!

1 Mark: Correct
answer.

(d) ()

L(i+ 1 ]_L 100-P+P) 1
1000 P 100-P) 100 P(100-P)) P(100-P)

1 mark: Correctly shows the result

12
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(i)
dpr

1
P(100-P)

—__ap=|a
J P(100-P)

L(L 1 JdP= i
J1oolp 100-P

(l-s- L JdP=lOO dt
JLP 100-P
logeP—loge(IOO—P):100f+c

t=0,P=10=log,10-1log, 90 =c

1
c=log —
ge9

lo ( P
B 100-P

100r+logg§
=e

dP =dt

1
=100r +log, —
|- 100+,

( P
100-P

3 marks: Correct answer

2 marks: Integrates correctly without
finding the constant OR Integrates
correctly, finds c, but leaves as t = f(P).

1 mark: Makes some progress. le.
seperates the differential equation and
attempts to integrate.

P :lemor :> 100-P _ g1
100-P 9 P
9P =100 — Pe"™" 100 _gprton
9P + P =100 P
L00¢ @:l+96—100l
p =100 P
9+el[)0f 100
(e) 3 marks: Gives the correct solution
From the table, f(x)= gil(_x) and so f(-1) = gil(—l )= 0. 2 marks:
| Determines f(—1) = gil(—l )=0 AND
J'=D) =
g=1 Py
_ 1 g (f=1))
£'(0) 1 mark:
=% Determines f(—1) = gil(—l )=0 OR
2 Flel)ym—
=2 g (f=1))

13
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